[Terry Lee]

Multiple Choice

1 B) As AB=CD,CQ = DP, AB+CQ=CP.
TX

2 A) Letu =x’,dv=e""dx, then du =5x*dx,v= e7

57X
I xse”dx:xj —j sx* & _dx.

7
4] (=2 3 4 3

3B)AB=|2|—| 2 |=2/0],~.r=|2|+4|0].
5 1 2 5 2

4 C) Contrapositive and the statement are equivalent.
1 1
5D)e.g. —3<2, but — ¥ —.
) e.g =73

6 A) IfK is real, then 2 —i is also a root.
In(A), Sa=Q2+i)+Q2-i)+a=4,.a=0,

which satisfies the equation in (A).

7 D) Due to tk, it circulates about the z-axis, .. Only
(C) and (D) match.

When t=0,r =-5i, i.e. —5 on the X-axis.

Whent = %,[ =5]j +%|5,.'. (D) is correct.

8 D) The acceleration must be centripetal, .. Only (C)

and (D). As its velocity increases, (D) is correct.

9 B) Taking card 4 is obvious. Using contrapositive, 'if it
does not have WIN, the card is not RED', card 3 is taken.
10 C) The projection of'z onto W has length |Z| cosd,

where cosé = Thus, its length = |Z| ﬂ
IZIIWI BT
z
i
.. The projection vector of Z onto W is EWW ==W.

ww _zw
W W wf?

W RG(ZW) Re[ij , in complex numbers.
w

T2

Wi

.. The projection of z onto W =Re££} W.
w

HSC Ext 2 2021 Solutions
Question 11

-ggj 27

(a) zw=12e 55 =126 °.

(b)Zin =i+l 4+ =i+ i =

n=1

(c) cosd = ab —-6+0+8 2

1
lallo] ~ Vaxi6v0+1+4 280 70

Jo-i' (11
& i)

S 0=83.1°
(d) V=i = \/1+| —2i=

F0r22+2z+1:|:0.

2+,J4-4(1+1) - 1-i
=N =l —
2 N
~2+1-i 2 -1+i
V2 NI
Z 5-i 5—i 2+4|
2—4| 2+4|
144181 7+9i
20 10
2_
) 3x2 5 _ A N 2Bx+C . where
(X=2)(X"+x+1) x-2 X +x+1
3xX*-5 7

A=lim =—=1.
=2 x4 x+1 7

10+4+20|
4+16

B = 2, by comparing the coefficients of X,
C =3, by comparing the constants.

, 3x* -5 _ 1, 2x43

T x=2)(P x4 x=2 xXP+x+1
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Question 12
2X+2

2X+3
()I :j 5 dx +
X2 4+2X+2 X" +2X+2

=ln|x +2x+2|+tan’1(x+l)+C.

J ! dx
(x+1)* +1

(b) (i) The converse of Tf n* is even then n is even' is
'Tf n is even then n” is even".
(i) Let n = 2k,k € R, then n* = 4k*, which is even.

(c) The 2 lines intersect when I, =, for some values of

A or p,
-2 1 4 p
1 [+4]0|=]| -2 |+u| 3
3 2 q -1
2+A=4+pu )
1=-2+3u 2)
3424=q-u 3)

Solving (2) gives p=1.
The 2 lines are perpendicular when the dot product of their
direction vectors equals to 0.
Ixp+0x3+2x(-1)=0,.. p=2.
Substituting p =2,z =1to (1) gives 4 =8.
= (3) gives 19=q-1,..q =20.
(d) Letn=9, LHS =+/9! = 602.4, RHS = 2° = 512.
Since 602.4 > 512, the statement is true forn =9.
Assume ~/n! > 2" for some value of n e J.
RTP /(n+1)!>2"",
LHS = Vn'Wn+1
>2"n+1
>2"x2, since M>2, forn>9
=2"" =RHS.
~.A/n!'>2" for all integers n > 9.
(¢) (i) HA=—HC,HB = -HD
- HA+HB+HC +HD =0.
(i1) Let G be a point on HS.

GA=GH + HA,GB =GH + HB,GC =GH + HC
and GD =GH + HD.
GA+GB+GC +GD +GS
=GH +HA+GH +HB +GH + HC + GH + HD +GS
= 4GH +GS.
(iii) From (ii), 4HG = GS,.. HG =%@.
na=1
5

Question 13
(a) Noting that |a+ib|>1,1<

HSC Ext 2 2021 Solutions

\4/a+ib‘<|a+ib|, and

arg(Ya+ib) = M K=0,1,2,3.
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(b) Let u” = x* —9,2udu = 2xdx.

WhenX:\/ﬁ,u :l.WhenX:\/E,u:Z

Ji3 2
I x3\/x2—9dx=J‘ (u?
J10 1

2
=I (u* +9u)du
1
5 2
:{u—+3u3}
5 1
[32 24) (1+3j
5 5

_136
)

+9u’du

(c) (1) By IBP, let u = (In X)",du = n(In x)™" ldx
X

Let dv=dx,v=X.

= JT (In x)"dx

:[x(lnx)”]f—nr

=e-nl,_

(In x)""dx

(i1) V, = Volume of cylinder of radius 1, and

height 1—%Volume of sphere of radius 1
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V; = Volume of cylinder of radius 1, and
height (e—1)— 7 .[ (In x)°dx
1

=r(e-1)—-rl,.

From part (i),

I, =e-2l,
=e-2(e-1,)
=-e+2l,

=—e+2(e—1),since |, sz dx=e-1,
1

=e—-2.
Vg =m(e-1)-r(e-2)
=T.
T
VA IVB —E T
=1:3.

(d) () X= vdv =—4(x-3).
dx
J.V vdv = jx—4(x —3)dx (taking v=-8, as

-8 0
it moves towards the origin from X = 5.5 m)

2V 2 X
2 -8 2 0
2
V2 —64=—8(X?—3x]

V2 =—4X* +24x+ 64

=4(16+6x—x")

=48 - X)(X+2).
The particle oscillates between 2 values of X when
v=0,ie when X=-2 and X =8.

(i) v= % =-24/16+6x— X", taking negative sign

as it moves towards the origin from X =5.5 m.

J.O il —2ITdt
55316+ 6x— X 0

0 -1
7 I R .
5~5{«/25(x3)2 de

)

=|cos ——
5 5.5
o 3

=0.948.

ST =0.47 sec.
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Question 14

(a) Lett—tani cosx—_—t2

2’ 1+t
dt:lseczldx,.'. dx = 2t _ 2dt2
2 2 2 X 1+t

When x = 0,t = 0. Whenx:%,tzl.

z ol

J‘z 1 Iy — 1 : 2dt2
o 3+5cosXx Jo, S5(1—-t7) 1+t
1+t

el
-[ o
-08—2t

el 1 t
Jo+t-t

1J-1 1 1
=— _
4dol 24t 2t
1[ 2+t}1
——|m==
4 2-t,

:lln3.
4

3+

(b)
2(v+v7)

60°

v 59

(1) The component of the gravity down the slope is

59 sin60°=5—

.. The resultant force down the slope is

503
2
(i1) The object will slide down the slope with

5a= —2v—2V%

constant speed when a =0.
- 2v% +2v—253 =0, taking g =10.
[ - T1EVI+5033

2
Taking v=4.2 ms™',as going down the slope

=-52o0or +4.2.

has positive sign.

() (i) (cos@+isin @)’ = cos 50 +isin 56, by De
Moivre's theorem.
By expanding, using ¢ = cosd,s = sin §
(c+is)’ =c’ +i5¢*s—10c’s> —10ic’s® + 5cs* +is”.
By equating the real parts,
cos50=c’-10c’ s’ +5¢s”
=c’-10c’(1-c?)+5c(1-c*)?
=c’ =10’ +10c¢’ +5¢(1-2¢* +¢*)
=c’-10c’+10c’+5¢—10¢” +5¢°
=16¢"-20c’+5¢
=16cos’ @—20cos’ & +5cos 6.

iz

(i) e'* = cos%+ isin 2.

10
Re| e |= cosﬁ.
10

From part (i), let 8 = %,

16c0s’ == —20cos’ = +5cos = = coss—” =0.
10 10 10 10

~16cos* = —20cos* = +5=0, as COS%?E 0.

o2 _20£4/400-320 |55

10 32 8
Taking cos’ Z_ ﬂ, since cos® 2= > 0.
10 8 10
r [5+5 . r P
S.CoS— = , since cos— >0 as — lies
10 10 10

in the first quadrant.

Re[eﬂ: 5+\/§.

8
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Question 15
@ () Jabe < ¢

a’ +b?

But va’h? =ab <

a’+h? e
s.+Jabe SZT

_a’+bh’+2c
—

(ii) From (i), ~/abc <

a’+b*+2c

2 2
Similarly, v/abc < %”b,

2 2
and vabc < (:4—5%23.

Adding the 3 lines above gives
2 2 2
33/abe < 2a” +2b +204+2a+2b+2c'

a’+b’>+c’+a+b+c
s.Aabe < 5 .

(b)) Letn=2k -1k e J,k>1.
2k —1)(2k)
a 2

=2k* —k.

n

- 1,t,,t and so on are hexagonal numbers.
(i) Letn=2k,k e J,k > 1.

~ 2k(2k+1)
n T
~.1,,1,,t, and so on are not hexagonal numbers.

=2k* +k.

(¢) (1) Let the direction upwards be positive, the force
experienced by the object is
ma = -mg —kv’.
—(g + kvz), since m =1 kg.
dv _

== —(g+kv?).

Jo=J o
g +kv’
1

Whent=0,v=u,..C=

1 \/?
tan U [—
gk g
t—_—ltan’1 v\/K+Ltan1 u\/E
Jok g ok g

Maximum height is reached when v =0,

1 \F
tan U |—.
gk g

St=

(11)a— —(g+kv2).
j‘ J‘ —vdv
g +kv?

x=;—kln(g+kv2)+c.

Whenx=0,v=u,..C :iln(g +ku2)
2k

In g +ku®
2k g+kv?
Maximum height is reached when v = 0,

SX=—

g+ku

2k g

(d)5"=2+3)"
=2"4+nx2"" x34+..+nx2x3"" +3".
>2"+3" foralln=>2.

5" 22" +3" foralln>2.

“H=—
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Question 16
(a) (i) By triangular inequality,

‘x1+ yi+ zlg‘ < |xi|+‘yj‘+|zl5|

=[x+]y[+ K-
But P lies on the unit sphere, ‘65‘ = ‘X1+ yi+ ZIS‘ =1.
I+ ]y] £k 1.
(i) ab = ab, +a,b, +a;b;

= |a||b|cos 6, where 6 is the angle between
the 2 vectors a and b.
~|ab, +a,b, +a;b,| <|a||b|
=Jai+a +a’ b +b} +b>.

N

(iii) Leta=| 1 [,b=||y| | where P(X, y,2) lies in the
)\

unit sphere, i.e. \/X* +y* +2° =1.

From part (ii),
|1><|X|+1><|y|+1><|z||S\/l2 +1? +12\/x2 +y + 7%,

But |1><|x|+1x|y|+1x|z|| =|X|+|y|+|2-

.'.|x|+|y|+|z|s\/§.
(b) y(t)={ Heos?
—gt+usind

1 ., .
——gt +Utsmgx—gt+USin9_

We want -1.
utcosé@ ucosé@
1 .
_Egt+usmex—gt+usin9 _
ucoséd ucoséd

%gztz—%ugtsin6’+u2sin29=—uzcos2 0.
1 ,, 3 . ) 2 -2
Egt —Eugtsm6’=—u , since cos” @+sin” @ =1.

g°t> —3ugtsin@+2u’ = 0.
Solving the quadratic above,

(o 3ug sin6“_r\/9uzg2 sin® -8g°u’

2

29
_3usin@  uy9sin® -8
29 29

=%(35in6’i\/9sin26’—8) *)

Noting that v/9sin” @ —8 < 3sin @, both times t are positive.
2

Since the time of flight occurs when — g +UT sinf =0,

(e T o 2usin @

, to prove that both times occur during the

time of flight, we need to prove that the larger of the above

two times is smaller than the time of flight. Indeed,

t=%(3sin9+\/95in2 6—8)
<i(3sin¢9+\/9sin2 6 —8sin’ 49)
29

2usin @
< .

g

Note: From (*), the equation has 2 real roots when
8 <9sin’ @ <9.

.'.%<sin6<1.

..70.5° <0 <90°.
(c) Letz = x+1iy.

If 0 < Arg(2) < %,Re(z) > Arg(z) & x> tan”' 2.
X

tan X >

= <

,o ¥y < xtan X, X # 0.
But as RHS < %,Re(z) > Arg(z) is true for x > %

It % < Arg(2) < 7. i.e. Arg(z) > 0,Re(2) = X < 0.

.. no solution, i.e. the X-axis, x < 0, is also not accepted.

If — 7 < Arg(z) < —%,Arg(z) = -z +tan” £, Re(z) = x < 0.
X

Re(z) > Arg(z) < X> -z +tan”' 1

X+ 7> tan” X, y > Xtan(X + 7).
X

Since the period of tan X is 7, the graph of y = X tan X

and y = Xtan(X £ ) are the same.
If —% < Arg(z) < 0,Re(z) = x > 0 i.e. Re(z) > Arg(z)

for all real X.

»
>
<

=T

,,,z, i
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